In this paper, we discuss how a Gromov-Hausdorff-like distance function over the space of all isometric classes of compact C k -Riemannian manifolds should be defined in the aspect of the Riemannan submanifold theory, where k ≥ 1. The most important fact in this discussion is as follows. The Hausdorff distance function between two spheres of mutually distinct radii isometrically embedded into the hypebolic space of curvature c converges to zero as c → −∞. The key in the construction of the Gromov-Hausdorff-like distance function given in this paper is to define the distance of two C k+1 -isometric embeddings of distinct compact C k -Riemannian manifolds into a higher dimensional Riemannian manifold by using the Hausdorff distance function in the tangent bundle of order k + 1 equipped with the Sasaki metric.
Introduction
First we shall recall the Gromov-Hausdorff distance function introduced by M. Gromov ([G1] , [G2] ). Denote by M the set of all metric spaces and M c the space of all isometric classes of compact metric spaces and [(X, d) ] the isometric class of a compact metric space (X, d). For metric spaces (X, d) and ( X, d), denote by Emb d.p. ((X, d) , ( X , d) ) the space of all distance-preserving embeddings of (X, d) into ( X, d) . Let M c ( X, d) be the set of all compact subsets of a metric space ( X, d) . The Hausdorff distance function d H, ( X, d) 
where B(K i , ε) denotes the ε-neighborhood of K i . By using this distance function, the GromovHausdorff distance funcion d GH over M c is defined by In this paper, we introduce a Gromov-Hausdorff-like distance function over the space of all isometric classes of compact C k -Riemannian manifolds in the aspect of the Riemannian submanifold theory, where k ≥ 1.
Some important examples
Let k ∈ N or k = ∞. Denote by RM k the set of all C k -Riemannian manifolds and RM k c the space of all isometric classes of compact C k -Riemannian manifolds and [(M, g)] the isometric class of a compact Riemannian manifold (M, g). Here we note that "C k -Riemannian manifold" means a C k+1 -manifold equipped with a C k -Riemannian metric. For C k -Riemannian manifolds (M, g) and ( M , g), denote by Emb
the space of all C k+1 -isometric embeddings (resp. all totally geodesic C k+1 -isometric embeddings) of (M, g) into ( M , g). Here we note that the following facts hold: Figure 1) . On the othe hand, if f is a totally geodesic C k+1 -isometric embedding and if ( M , g) is a Hadamard manifold, then it is a distance-perserving embedding of
Figure 1 : Gap between distance-preserving embeddings and isometric embeddings By using the Hausdorff distance functions, we define a functiond
This definition seems to be natural. However, we can show thatd k GH is not a distance function over RM k c . In fact, we can give some counter-examples as follows. Let S n (r −2 ) be the sphere of radius r centered at the origin o = (0, · · · , 0) in the (n + 1)-dimensional Euclidean space E n+1 (i.e.,
= r 2 }) and denote by g E the Euclidean metric of E n+1 . Let ι S r be the inclusion map of S n (r −2 ) into E n+1 and denote by g S r the induced metric (ι S r ) * g E . In the sequel, we abbreviate (S n (r −2 ), g S r ) as S n (r −2 ). In the case of n ≥ 2, S n (r −2 ) is the n-dimensional sphere of constant curvature r −2 . We consider the case of n = 1. The length of (S 1 (r −2 ), g S r ) is equal to 2πr. Fix positive numbers r 1 < r 2 . It is clear that S 1 (r
2 ). However, we can show
as follows. Take any positive number ε. Let N ε (S 1 (r −2 1 )) be the ε-tubular neighborhood of S 1 (r
that is,
For any sufficiently small postive number ε, S 1 (r −2
2 ) can be isometrically embedded into N ε (S 1 (r −2 1 )) (see Figure 2 ). This fact implies that
Hence we obtaind
2 )]) = 0. Isometric embeddings f 1 and f 2 in Figure  2 are sufficiently close as C 0 embeddings but they are not close as C 1 -embeddings and they are very far as C 2 -embeddings. On the other hand, isometric embeddings f 1 and f 2 in Figure 3 are sufficiently close as C ∞ -embeddings, where 2r 1 < r 2 < 2r 1 + ε (ε : a sufficiently small positive number).
2 )) as approach ε to 0.
2 )]) = 0
We shall give third example showing thatd k GH is not a distance function. Let R n+2 1 be the (n + 2)-dimensional Lorentzian space and g L the Lorenzian metric of
Denote by ι H r the inclusion map of
is the (n + 1)-dimensional hyperbolic space of constant curvature − r −2 . The sphere (S n (r −2 ), g S r ) is isometrically embedded into (H n+1 (− r −2 ), g H r ) by the following C ∞ -embedding:
Take distinct positive constants r 1 and r 2 (r 1 < r 2 ). We shall calculate
which is equal to
The shortest geodesic γ r (in H n+1 (− r −2 )) connecting ( r 2 + r 2 1 , r 1 , 0, · · · , 0) and ( r 2 + r 2 2 , r 2 , 0, · · · , 0) is given by
where sinh −1 denotes the inverse function of sinh | [0,∞) . For the simplicity, put a(r i ) := sinh −1 r i r (i = 1, 2). The length L(γ r ) of γ is given by
For the simplicity, denote by F r 1 ,r 2 ( r) the right-hand side of this relation. Then we have
By using L'Hôpital's theorem, we have Hence we obtain lim
2 )]) = 0. In more general, we can give the following counter-examples. Let M be a compact submanifold in S n (1) embedded by a C k+1 -embedding f . Then, since (M, f * g S 1 ) and (M, r · f * g S 1 ) (r > 0, r = 1) are compact C k -Riemannian submanifolds in S n (1) and S n (r −2 ), respectively, it is shown that
and henced
]. Denote by D r 1 ,r 2 the domain of H n+1 (− r −2 ) sorrounded by f r 1 r (S n (r −2 1 )) and f r 2 r (S n r −2 2 )). The Riemannian manifold (D r 1 ,r 2 , g H r | Dr 1 ,r 2 ) cannot be isometrically embedded into E m for any m ∈ N (see Figure 5 ). We consider that this fact arises
2 ))) = 0.
2 ))
3 Gromov-Hausdorff-like distance function
By refering three examples in the previous section, we shall define a Gromov-Hausdorff-like distance function over RM k c . We use the notations in the previous section. The first example in the previous section indicates that d H,( M ,d g ) in the definitoin ofd k GH should be replaced by a distance function including informations of the i-th derivatives (1 ≤ i ≤ k + 1) of the isometric embeddings becuase Emb
Also, the third example indicates that, in the definition ofd k GH , the range which ( M , g) moves should be restricted to the class of C k -Riemannian manifolds isometrically embedded into a Euclidian space. On the basis of these reasons, we shall define another function over RM k c × RM k c . We shall prepare some notions to state the definition. Let π 1 : T M → M be the tangent bundle of M , π 2 : T (T M ) → T M be the tangent bundle of the manifold T M . Denote by T 2 M the manifold T (T M ). Let π 3 : T (T 2 M ) → T 2 M be the tangent bundle of the manifold T 2 M and denote by T 3 M the manifold T (T 2 M ). In the sequel, we define T l M and π l (l = 4, 5, · · · ) inductively. Let f be a C k+1 -map from a Riemannian manifold (M, g) to another Riemannian manifold ( M , g).
where (v i ) V denotes the vertical component of v i with respect to T v 1 (T M ) = V v 1 ⊕ H v 1 (V : the vertical distribution, H : the horizontal distribution associated to the Riemannian connection of g).
Here we note that
Similarly, the Sasaki metirc g 2 S of T 2 M with respect to g 1 S is defined. In the sequel, the Sasaki metirc g l S of T l M with respect to g l−1 S (l = 3, 4, · · · , k) are defined inductively. Similarly, T l M and g l S are defined for ( M , g). Let S l M be the unit tangent bundle of the Riemannian manifold (T l−1 M, g
Here we note that, since M i is compact, the existence of such a minimum number is assured by the Nash's isometric embedding theorem ([N1] , [N2] ). On the basis of the above reasons and the consideration of the second example in the previous section, we define a function
where m is a any natural number with m ≥ max{m 1 , m 2 }. It is easy to show that this definition is independent of the choice of the natural number m with m ≥ max{m 1 , m 2 }. The following fact holds for d
First we prepare the following lemma.
, 2) and m 1 , m 2 , m be as above. Also,let {f 
((M 2 , g 2 ), E m2 )}, where · C k+1 denotes the C k+1 -norm of the vector space C k+1 (M 2 , E m2 ) with respect to g 2 and g E , ) is attained when the C k+1 -norms of isometric embeddings of (M i , g i )'s (i = 1, 2) into E mi are as small as possible and E m1 , E m2 are isometrically embedded into E m by suitable totally geodesic isometric embeddings. Hence it is clear that the statement of this lemma holds. For example, in the case of (M i , g i ) = S n (r −2 i ) (i = 1, 2), we can confirm easily that the statement of Lemma 3.2 holds as follows. Since S n (r −2 i )'s are isometrically embedded into E n+1 , m i (i = 1, 2) in Lemma 3.2 are equal to n + 1 and hence m in Lemma 3.2 also is equal to n + 1. First we consider the case of n ≥ 2. Then, since isometric embeddings of S n (r −2 i ) into E n+1 are rigid, that is, they are congruent to one another. In more detail, they are congruent to the totally umbilic isometric embedding of S
